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AN INTEGRAL STRONG LAW OF
LARGE NUMBERS FOR PROCESSES
WITH INDEPENDENT INCREMENTS

BY
HOWARD G. TUCKER' AND A. LARRY WRIGHT

ABSTRACT

For a stochastically continuous stochastic process with independent increments
over D[0, T], let N(t, ¢) be the number of sample function jumps that occur
in the interval [0, ¢] of sizes less than — ¢ or greater than ¢, where £ >0.
Let M(t,e)=EN(t,£), and assume M(,0+)= for O0<t=T If
lim, | o(M(t, e)/M(T,¢)) exists and is positive for each t&(0,T], then
lim, ,o(N(t, €)/M(T, ¢)) =1 for all t € (0, T] with probability one.

An integral strong law of large numbers for stochastically continuous proces-
ses with independent increments is obtained here. In brief, consider the process
as a measure over D [0, T], and let N (¢, € ) denote the number of sample function
jumps during [0, ¢] for which the absolute values of their sizes are greater than
£>0. Let M(t,e)=EN(t, ¢), and assume that M(t,0+ )= for all t € (0, T].
Then it will be shown that the probability that lim, ,o(N(¢, £€)/M (¢, €)) =1 for all
t€(0,T] is one if lim, lo(M(t, £)/M(T,¢)) exists and is positive for each
te@©,T].

Let us first establish some notation and definitions needed here for stochasti-
cally continuous stochastic processes with independent increments. Let
{X(t),0=t = T} denote such a process defined over D[0, T}, the space of all
real-valued functions over [0, T] which are continuous from the right and have
limits from the left at each t € [0, T], and assume T <. At each ¢ € [0, T], the
distribution function of X (t) is known to be infinitely divisible with centering
function y(t), variance of Gaussian component o*(t), and with Lévy spectral
measure M, (). For a fixed Borel set A whose closure does not contain 0, M,(A)
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is finite and is continuous and non-decreasing in f; it is known to be the
expectation of the number of jumps of a sample function that occur during [0, ¢]
and whose sizes are in A. Associated with such a process is a measure p defined
over the Borel subsets of the time-jump space,

0 = [0, T] x (R'\{0})
by

ul(s, 1] X (a, b]) = M.((a, b]) — M.((a, b]),

where 0 <a <b or a <b <0. Also associated with the process is a family of
random variables, {v(A): A is a Borel subset of ® whose closure and the line
x =0 are disjoint}, defined as follows: for w € D[0, T], v(A)(w) denotes the
number of “‘time-jumps’ of the sample function w that are in A, i.e., the number
of points (s,x) in A which satisfy the equation w(s)— w(s —0)= x. For each
such A, v(A) is known to have a Poisson distribution with Ev(A)= u(A). In
addition, if {A,} is a family of disjoint Borel sets in ® whose closures are disjoint
from the line x =0, then {v(A,)} are independent random variables. Our
purpose is to prove the following theorem.

THEOREM. If (i) M(t,0+)=o for t >0, and (i) lim. ;o(M(t, €)/M(T,¢))
exists and is positive for all t € (0, T], then

(1) P[lsimg—((tt”—i%=1forallt€(O,T]]=1.

The second hypothesis always holds for processes with stationary independent
increments, in which case the limit is the uniform distribution function over
[0, T). However, (ii) does not necessarily hold for all stochastically continuous
processes with independent increments, and examples are easily constructed of
such processes for which (ii) does not hold. It does hold for a wide class of such
processes, the limit always being a distribution function over [0, T]. (It should be
noted that a distribution function so obtained need not be continuous, and there
exist examples of processes where such limiting distribution functions are not
continuous.) We now prove the theorem,

We first show, whether or not (ii) holds, that

) P[lim—li(—t’—l—l]=1.

cloM(t ¢)

Accordingly, let © = g,>¢,>¢,> -- - be such that ¢, | 0 and M(t, &,)>0. For
n=12--- let us define A. CO by
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A, ={(5x)EQ0=s=te, =x < é&u1}

Noting that {v(A.)} are independent random variables with Poisson distribu-
tions with expectations {u (A.)}, we have

M(t e.)=varN(t, e.) = 2 var v(A:).

We shall now use a special case of a strong law of large numbers due to V. V.
Petrov (which can be found in [1]) which states: If {X.} is.a sequence of
independent random variables with finite variances and such that Zvar(X,) = o,
then (S.—ES,)/Var(S.)—>0 as., where S,=X,+---+X, In our case,
N(t e.)=S, and M(t,¢,) = ES, = Var §,, and thus

3) lim M En) g

n—eo M(t, €.)
In order to prove (2) we must show that (3) holds over the same set of probability
one for all sequences ¢, | 0. We do this in two special cases which we then
combine to give the general case.

Case (i). Suppose that, for fixed t, M(t,¢) as a function of ¢ >0 is a step
function with denumerably many jumps, each of size not less than one. Let {e.}
be the points at which these jumps occur. There is no positive limit point of {¢.},
and we may assume ¢, J 0. Let A be the set of probability one over which (3)
occurs, and let 8, |0 be arbitrary. It is easy to see that the sequence
{N(t, 8.)/M(t, 6,)} is a subsequence of {N (1, £.)/M(t, €.)} but possibly including a
finite number of repetitions of any term. Thus the new sequence based on {5.}
converges over A to the same limit.

Case (ii). Now suppose that for fixed ¢ € (0, T} and as a function of & >0,
M(t, £) has no discontinuities of size in [1, %), and use the fact that M(,0+ ) = o,
In this case we may select £,/ 0 so that 0<M(t,elv)—M(t,e.)=1 for
n=0,12---. Let A be an event of probability one over which
N(t,e.)/M(t,e;)—1 as n—> . Now let ¢, | 0 be arbitrarily selected (but with
e1=¢1). For n=1,2,- -, define k, such that ¢, = &, > ¢4 ... Then, over Q,

Nt ei) Mt ein) SN(t,:s,.)sN(t,.s.'MQ.M(t,:s,’wﬂ)
M(tei) M(tgin) ™ M(ten)” M(tet) M(tetn)

By the manner in which {e;} and A were selected, it follows that
N(t,&.)/M(t,e,)—> 1 as n — = over A.
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Case (iii). In the general case, we need only consider an M (T, €) which, as a
function of ¢ >0, has infinitely many jumps of size not less than one at some
end 0. We may write M(t,e)= M\(t,e)+ Ma(t, ), where M1, &) is a step
function having only those jumps of M(t, ) whose sizes are = 1. Let Ny(t, ¢)
denote the number of jumps of the process during [0, t] whose sizesarein{e v e,
n=1,2,---}, and let Ni(t,e)= N(1,e)— Ni(t,¢). Then by cases (i) and (ii)
above,

. Ni(t,eg) .
lewM(t 5 =1, i=1,2,

over an event A of probability one. Thus, (2) follows by noting that one can
write

Nt e) Nufte)
N(t’s)_MI,QM'(I’ )+M(I )Mz(f,é‘)
Mt e) M.(t,e)+ My(t, ¢)

We now prove (1). Let F(¢t) denote the limit in hypothesis (ii), and let
Q= DJ0, T] be our probability space. For each t € (0, T], denote
(t.e) _
S = [th(T =F(t)|.

By (2) and hypothesis (ii), S, is measurable, and P(S,)=1. Let D be any
countable, dense subset of [0, T] that includes all points at which F is not
continuous, and set A = ﬂ{s, :t € D}. Now let t € [0, T]\D. Then F is continu-
ous at ¢, and so, given any 7 >0, there exists a § > 0 such that if | — u | < & and
u €[0,T), then |F(1)— F(u)|<mn.Let0=u <t <v =T be such that t —u < §,
v—t<§, u€D and v € D. Since

N(u,e) _ N@te) _N(v,¢e)
N(T,e)” N(T,e)” N(T,¢)

everywhere over (1, it follows that

— N(t,
F(t)—q éli_m-ﬁf(,;—.%éF(t)-{'n

forall w EA, ie., over A

N(t¢)
lsle(Tee) F)

Thus, over A, lim, ;o(N(t, e}/ M(t,g))=1forallt € (0, T]. Q.E.D.
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